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TEIO Mode Scattering by a Rectangular
Resistive Film of Arbitrary Dimensions

Placed Along the Rectangular

Waveguide Axis
Igor M. Braver, Pinkhos Sh. Fridberg, Khona L. Garb, Sergey V. Makarov,

and Iosif M. Yakover

Abstract —TEIO mode scattering by a resistive film of arbitrary width
(d) and length (1) placed in the longitudinal section of a rectangular
wavegoideparallel to its narrow+facesis investigated. The vector integral
equation for the discontinuity (h) of the tangential magnetic field on the
film is formulated. The equation is solved by Galerld~ method using
basis functions, each of them taking into account the h behavior near
the Him edge. For a film that is sufficiently short ([ << d), approximate
expressions for the scattering matrix elements are obtained. The scatter-
ing matrix for a wide range of values of the film width, length, surface
impedance (W), and frequency is calculated. This is believed to be the
first study establishing that the attenuation caused by a film having
particular d and W values tends to be constant over the entire band of
wavegnide operating frequencies.

1. INTRODUCTION

T
HE performance of most attenuating microwave devices
[1] is based on the principle of electromagnetic wave

power absorption by a resistive film (RF) placed in the plane
of the electric field vector and wave propagating direction. In
a waveguide with a rectangular cross section, the RF is
placed along the waveguide axis and parallel to its narrow
faces. The problem of Tli10 mode diffraction by the RF in
the longitudinal plane of a rectangular waveguide was solved
in [2]–[6]. References [2]–[4] deal with the semi-infinite RF
while [5] and [6] concern themselves with an RF of finite
length. All these studies assumed that the width d of the film
coincides with the waveguide height b and that the RF is in
electric contact with its surface. Such a diffraction problem is
scalar and two-dimensional and it may be reduced to a
one-dimensional integral equation [4], [6].

When the RF width is less than waveguide height, the
problem becomes very complicated; i.e. it is vectorial and
three-dimensional. In spite of an RF with width d < b being
applied in variable attenuators [1], this diffraction problem
has never been investigated. Our paper presents calculations
of the scattering characteristics for the RF shown in Fig. 1 as
well as investigations of the physical properties of the given
discontinuity.
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II. STATEMENT OF THE PROBLEM

It is assumed that in the region z = – w of the rectangular
waveguide (Fig. 1) there is an incident TE ~0 mode with
electric field

iO(x, z)= fJsin(al.x) exp(iklOz)ZY (1)

where kmn =~k’-a~-fi:, am= m~/a, and ~n=n~/b.

In addition k is the wavenumber in free space, U is the
dimensional factor, and ZX, ii’Y, and ii, are the unit vectors
directed along the x, y, and z axes. The time dependence of
the fields is presented as exp ( – iw t ). Since the incident
mode field is not dependent upon y and the configuration in
Fig. 1 is symmetrical with respect to the y = b/2 plane, only
TE~,, and TM~~ modes with even subscript n are excited.
We assume that b < a and n- < ka < 2T. From these consid-
erations, it arises that, among all the modes being excited in
the Iz I > 1/2 regions, there is only one propagating mode.

The scattering problem is reduced to the vector integral
equation [7]

for the disco~tinuity ~= filX=X,,_o – ~l,=.o+o of the mag-
netic field H on the RF and to the calculation of the
scattering matrix elements

<ok
s11=s~2=– nexp(iklOl) sin(alxO)

10

/da/z,(F)exp(ik,oz)

[
Szl = ~lz = exp(iklol) 1 – * sin (alxo)

10

1~d~~.(~)ew(-ik,oz). (3)

Here W is the surface impedance of the RF, ~ is the wave
impedance tensor [7], ~ is the radius vector of the point on
the RF, (f) = 120m Q is the wave impedance in free space,
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Rectangular waveguide with the RF in longitudinal plane.
(a) cross section; (b) longitudinal section.

da is an element of the RF surface. The reference planes T
and T’ for the scattering matrix ar~ shown in Fig. l(b).

The components of the tensor ~ may be presented in the
integral series form

Jrs(F>@’) = - &jdP ~ E.Fz.(P)R?.(P;Y, Y’)
~=o

.exp[ip(z – z’ ] (4)

[
sinh ~~(a – xO)]sinh[~~xo

Fn(p) = 1
@-=Flsinh[@-Kl~]

(5)

R;(p; y,y’)

[

(k2-p2) sin(/3ny)sin(@. y’), r=s=y

ip~. sin(&Y)cos(P. Y’), r=y, s=z
——

–ippncos(pny )sin(llny’), r=z, s=y

(k’- p:)cos(pny)cos(flny)), r=s=z (6)

where ●n = 2 – 8.., timn being the Kronecker delta. Integra-
tion with respect to the complex variable p is performed
across the real axis from – m to ~. During this integration
the poles p~?ced on the negative (positive) semiaxis are
encircled clockwise (anticlockwise) along a small semicircum-
ference. When b G a and T < ka < 27r, F2n functions at
n >1 have no poles on the real axis while Fe(p) has two

poles, at p = + klo, The FO(p) function affects only the (ZZ
component, which may be represented as

~ok
L==(F> F) = a sin2(a1xo)cos [klo(z – z’)] – $&

(f“ kz m dpFo(p)exp[ip(z - z’)]

+2~m-:P ~ Fz.(P)%;(P;Y>Y?
—m ~=1

“exp[ip(z – z’)]
)

(7)

where the symbol } stands for the principal value.

III. SOLUTION

To calculate scattering matrix elements we apply the
Galerkin method to the integral equation (2), puttirig

~y(Y, z) =(~/Jo) z&9#.(W~)
/.L,v

hz(Y, z) =(u/lo) z~,q+,n(u,u) (8)
7,7

where Awv and B7q are unknown coefficients while u ==
(2 y – b)\ d and v = 2z/ 1 are dimensionless variables. From
here on summing with respect to K, v, y, and q, one must
take p=l,2,. ”,i14Y, V=1,2,. ””, NY, y=l,2,. .”, M=, and
? 7=1,2,”””, NZ. Choosing the basis functi~ns, we should take
into account the previously [8] obtained h behavior near the
edge.

hy-(l-uz)” h= N (1– U2)1’2, 24+ fl, (9a)

hy-(1-Zl’)1’2 hzx(l–uz)’, p- ~1, (9b)

(r= –1/2 when W= O, and ~ = O when W# O) as well as
the parity IZY(– U,U) = – hY(u, v) and IZz(– U,U) = hz(u, u),
which follow from the fact that the incident mode field is not
dependent Qm’y and the configuration in Fig. 1 is symmetri-
cal with respect to the y = b/2 plane (see S~ction II). To
calculate the scattering matrix it is sufficient to set only
Fourier transforms of the basis functions rather than func-
tions themselves. In accordance with [9], we assume

( ).l”(pu)/p;+’/’2pu= J2p+T-1/2 P.

= J’y-1( Pu)Jn+T-1/2(P.) /Pu/X+l’2 (lo)

which corresponds to the use Gegenbauer’s polynomials of
the proper weight as the basis functions. As the result we get
a system of linear algebraic equations (SLAE).

The scattering matrix elements sought are expressed in
terms of the SI_A12 solution as follows.

where

d~~ = sin(~lxo)~17Jq+, _l/’(k101\2)\2( k101\2)’+1/2,

(12)

For a waveguide wherein the RF is a 10SSYline,

IS,1[2+IS2,12<10 (13)

The numerical results obtained are not considered to be true
if the energy conservation law is not observed. For this
reason, we calculate the ratio x of the power absorbed by
the RF to the incident mode power. Thus it is possible to
control the equality

IS,,12+IS2,12 +X=1. (14)

IV. SHORT-FILM CASE

In all the regions of a short (1 <e d) film (except the small
ones near its ends y = (b + d)\2), the relation IhZl >> lhYl is
fulfilled and the hY component may be neglected. As a
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result, the vector integral equation (2) becomes scalar. We
obtain an integral equation

where r is an asympt~tic expression of the kernel component
~,, if in K== an~ in lZO(x, z) we leave terms not vanishing at
1+ (). To find (, we express (=, as a double series.

~=o

“COS(f12n Y) COS(P2nY’) exp [ikn,2nlz – z’1]. (16)

Extracting the logarithmic singularity from the summation
and neglecting the terms vanishing at 1~ O, we obtain

(zz(ii F’) =!?(F>F’)== sin’ (alxO)
10

(

k
+ i~o ~ sin’ (alxo) +

+4:K::OJ

()
o k2+~ b(y–y’)

dyz

—& ~~~.(k’ - @.)sin2 (~~xJcos(&itY)
m—~=o

(17)

where q~~ = – ik~n. The prime means that the term corre-

sponding to m = 1, n = O has been eliminated from the
summation.

Further consideration will be based on the variational
Schwinger method [10]. Using the integral equation (15), we
construct a variational functional after Schwinger for the
reflection coefficient S1~. This functional is stationary at the
exact solution of (15). Using the asymptotic expression (17),
we conclude as in [6] that a waveguide with a short film may
be described by means of the equivalent circyit shown in Fig.
2. The scattering matrix elements become

S1l=–exp(iklol)& S21=exp(ik101)&.

(18)

The shunt impedance Z is represented as an amplitude-
independent functional.

(19)

The calculation accuracy greatly depends upon the probe
distribution of hZ being close to the true value. First of all,
taking into account the edge conditions (9b), we express the
h= function in the form

h.(d) = (U\lo)[m2(l - u2)\4]’f(u). (20)

1/2 U2

-
T T’

Fig. 2. Equivalent circuit for the short RF,

To choose the function ~(u), we substitute (20) into (15) and
with respect to u we average both parts of the equation
obtained. Leaving only logarithmic terms in the kernel of the
averaged equation, we obtain a differential equation,

w=w\Jo. (21)

The solution of this equation being even with respect to u
and vanishing at u = ~ 1 may be written as

In the limiting case w 4 m (22) becomes ~(u)= sin(alxo)/ w,
which is proportional to the solution of the integral equation

(15) with the neglected integral term. In the second limiting
case, w = O, (22) describes a well-known current distribution
on the logarithmically thin vibrator. Substituting (20) and

(22) into (19), we obtain

wkloab k
z= +i

10

2kldZosin2(a1xo) a2sin2(a1xo)

( b
. sin’ (alxo) – ~L

o

-:16n[l-(+y]sin’(...o)(;)(;r
(23)

where

82[sin(p.d)/~nd] – Otan Ocos(f?.d)
In=

e’–(pnd)’

When m<< 1, the shunt impedance may be described in
a more simple way,

wkloab
z=

2khisin2(zz1xo) [l+;~] (24,

One can show that formulas (23) and (24) are also true for an
RF placed in the waveguide cross section.

V, NUMERICAL RESULTS

The computed results presented in Table I illustrate the
stable character of convergence of the method for an in-
crease of MY = MZ = M and Ny = Nz = N. We stress the
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Fig. 3.

TABLE I
CONVERGENCE OF THE GALERKIN METHOD IN CALCULATING THE SCATTERING MATRIX

FOR THE DISCONTINUITY IN FIG. 1

N M=l M=2 M=3 M=4

Sll

1 -0.0251-i .0.3539 – 0.0270– i. 0.3521 -0.0270 – i. 0.3520 – 0.0270-i. 0.3520
2 – 0.0755 – i .0.1951 –0.0724 – i, 0.1932 -0,0723 – i .0.1934 – 0,0723 – i .0.1934
3 -0.0662- i .0.1959 – 0.0638 – i .0.1944 -0,0639 – i. 0.1945 – 0.0639– i. 0,1945
4 – 0.0670– i .0.1978 – 0.0644 – i .0.1965 - 0.0644– i ~0.1966 – 0.0644-i 00,1966
5 –0.0674– i ~0.1977 -0.0649 – i ,0.1962 –0.0650 -i. 0.1963 – 0.0650-i. 0,1963
6 – 0.0675 – i. 0.1977 – 0.0650– i. 0.1963 -0.0651 – i .0.1964 – 0.0651- i .0,0164
7 -0,0676 – i. 0.1977 –0.0650– i. 0.1963 -0.0651 – i .0.1964 – 0.0651 – i .0.1964
8 – 0.0676 – i .0.1977 –0.0651 – i. 0.1963 – 0.0651 – i ~0.1964 – 0.0651 – i 00.1964

S21

1 – 0.3905+ i. 0.5770 – 0.3925+ i .0.5788 - 0.3925+ i .0.5788 – 0.3925+ i .0.5788
2 – 0,3324+ i .0,4198 –0,3397+ i, 0.4224 - 0.3397+ i. 0.4226 - 0.3397+ i .0.4226
3 –0.3224 + i .0.4250 – 0.3314+ i .0.4271 -0.3315 + i 00.4275 - 0.3315+ i ~0.4275
4 – 0.3231+ i. 0.4241 – 0.3319+ i .0.4259 - 0,3321+ i. 0,4262 – 0.3321+ i. 0.4263
5 –0,3225 + i .0.4240 – 0.3312+ i, 0.4258 - 0.3313+ i .0.4261 –0.3313 + i .0.4262

6 - 0.3226+ i. 0.4239 – 0.3313+ i. 0,4257 –0.3315 + i. 0.4261 – 0.3315+ i. 0.4262
7 - 0.3225+ i .0.4239 –0.3312+ i 0.4257 - 0.3314+ i. 0.4261 – 0.3314+ i ~0.4261
8 - 0.3225+ i. 0.4239 – 0.3313+ i .0.4257 - 0.3314+ i .0.4260 – 0.3314+ i .0.4251

b/u= O.5, xO/a= 0.5, d/a= O.4, l/a= O.5, ka= 5, and W=200 Q.
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[Slll and Q versus frequency at b/a = 0.5, d/a= 0.45, l/a= 1,
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Fig. 4. [Sl, 1, Q (solid curves) and q (dashed curves) versus surface
impedance W at b/a = 0,5, I/a = 1, ka = 6. Curves 1-3 correspond to
x{) /a= 0.5 and d/a = 0.2, 0.4, and 0.45; curve 4 corresponds to X./a
= 0.25 and d/a= 0,45,
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from the semi-infinite film. Comparison of the exact and
approximate data (Fig. 5(a) and (b)) shows that the accuracy
of the approximate formulas is sufficient in practice for
l/a <0.01.

VI. CONCLUSION

This is believed to be the first calculation of the character-

istics of TE ~0 mode scattering by the RF of arbitrary width

and length placed as shown in Fig. 1. The developed rigorous
theory makes it possible to calculate the scattering matrix
elements with high accuracy given arbitrary parameters. The
previously unknown property of the frequency independence
of the insertion attenuation over a broad band has been
discovered for particular values of film width and surface
impedance. This property is of a great practical importance.

We may conclude on the basis of the experiments de-
scribed in [1] that the scattering characteristics of discontinu-
ities of the type investigated in this paper tend to display a
resonance dependence on the parameters. Such dependen-
cies are rather complicated and their study requires an
enormous number of calculations. Therefore, the results of
our study of the RF resonance properties will be presented
in a subsequent paper.
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